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Abstract.
In n-dimensional spacetimes (n > 3), there exists an internal gauge
symmetry of the Palatini action with a cosmological constant that is the
natural generalization of the so-called “local translations” of three-dimensional
general relativity. We report the extension of this symmetry to include the
minimal coupling of Yang-Mills and fermion fields to the Palatini action with
a cosmological constant. We show that, as in the case of three-dimensional local
translations, the extended symmetry depends on the energy-momentum tensor of
the corresponding matter field and, for fermions, it contains an additional term
that in four dimensions is proportional to the axial fermion current. We also
report the extension of the analog of this internal gauge symmetry for the Holst
action with a cosmological constant by incorporating minimally coupled scalar and
Yang-Mills fields, as well as a non-minimally coupled fermion field. In the last
case, the extended symmetry is affected by both the Immirzi parameter and the
energy-momentum tensor and, for fermions, it also depends on the axial fermion
current.
1. Introduction
In the first-order formalism, the whole gauge symmetry of n-dimensional general
relativity (n ≥ 3) can be captured by the set of symmetries composed of local
Lorentz transformations and diffeomorphisms. However, even though diffeomorphism
invariance is the symmetry at the heart of general relativity, it is not an exclusive
property of general relativity (see for instance [1]). In fact, diffeomorphisms are
insensitive to the form of the action dictating the dynamics of the system and then,
in this sense, the invariance under them constitutes a kinematical symmetry [2, 3].
On the other hand, in the three-dimensional setting the full symmetry of general
relativity can alternatively be described by local Lorentz transformations and three-
dimensional local translations [4, 5] (see also [6]). In this framework, diffeomorphism
invariance is no longer regarded as a fundamental symmetry, but as a derived
symmetry that can be constructed out of these two symmetries. A particular feature
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of three-dimensional local translations is that they are sensitive to the presence of
the cosmological constant, in contrast to diffeomorphisms. More remarkably, the
idea of adopting three-dimensional local translations as a fundamental symmetry
has proved to be useful for attacking the problem of quantizing three-dimensional
gravity [4, 5]. Motivated by these facts, in [7] was uncovered the higher-dimensional
generalization of three-dimensional local translations through the application of the
converse of Noether’s second theorem [8–10] to the first-order formulation of general
relativity. One advantage of the obtained generalization is that it, together with local
Lorentz transformations, offers a new way of reformulating the full symmetry of general
relativity in terms of internal gauge symmetries. Moreover, such a generalization
is affected by both the spacetime dimension and the structure of the Lagrangian
underlying general relativity. This last property is evident in four-dimensional gravity
where, instead of the Palatini action, we can use the Holst action [11], in whose case
the symmetry turns out to depend on the Immirzi parameter [7]. A first step to gain
insights into how the generalization of three-dimensional local translations is modified
by the coupling of matter fields was given in [7], where it was shown that the non-
minimal coupling of a scalar field to gravity in n dimensions modifies the structure of
this symmetry in a nontrivial way.
The purpose of this paper is twofold. First, we report the extension of the
higher-dimensional generalization of three-dimensional local translations to include
the minimal coupling of Yang-Mills and fermion fields to the n-dimensional Palatini
action with a cosmological constant. In order to carry this out, we will follow the
same procedure used in [7]; that is, for each one of the considered matter-gravity
couplings we will construct a Noether identity that, according to the converse of
Noether’s second theorem, allows us to determine an infinitesimal gauge symmetry of
the theory. We will see that the obtained extended symmetry depends on the energy-
momentum tensor of the corresponding matter field, and that for the particular case of
fermions, it contains an additional term that in four dimensions is proportional to the
axial fermion current. This despite the fact that the energy-momentum tensor for the
Yang-Mills field is symmetric, whereas the one for the fermion field is nonsymmetric.
The second purpose, which is related to the first one, is to report the extension of the
analog of this gauge symmetry for the Holst action with a cosmological constant by
encompassing minimally coupled scalar and Yang-Mills fields, and the one-parameter
family of coupled fermions proposed by Mercuri in [12]. We find that, despite
the presence of the Immirzi parameter, the modifications introduced by the matter
couplings in the structure of the resulting extended symmetry are still modulated by
the energy-momentum tensor, whereas the additional fermion field contributions are
also proportional to the axial fermion current.
2. Symmetries of the 3-dimensional Palatini action
It is instructive to first consider general relativity in three dimensions, where the basic
strategy involved in the use of the converse of Noether’s second theorem to uncover
gauge symmetries can be illustrated more directly and neatly, without the technical
difficulties arising in higher dimensions.
The fundamental variables to describe the gravitational field in the first-order
formalism are an orthonormal frame and a connection compatible with the metric. Let
M3 be an orientable three-dimensional manifold, and let SO(σ) be the frame rotation
group, with SO(+1) = SO(3) for the Euclidean case (σ = 1) and SO(−1) = SO(1, 2)
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for the Lorentzian one (σ = −1). General relativity with a cosmological constant is
described by the Palatini action S[e, ω] =
∫
M3 LPalatini, whose Lagrangian 3-form in
terms of these variables is
LPalatini = κǫIJKe
I ∧
(
RJK [ω]−
Λ
3
eJ ∧ eK
)
, (1)
where eI is an orthonormal frame of 1-forms, ωIJ = −ωJI is a Lorentz connection‡
with curvature RIJ [ω] := dω
I
J + ω
I
K ∧ ω
K
J , κ is a constant related to Newton’s
constant, Λ is the cosmological constant, and the Lorentz-invariant tensor ǫIJK is
totally antisymmetric and such that ǫ012 = 1. The Latin indices I, J, . . . denote Lorentz
indices and, as such, are raised and lowered with the metric (ηIJ ) = diag(σ, 1, 1). The
variational derivatives of the action defined by (1) are
EI :=
δS
δeI
= κǫIJK
(
RJK − ΛeJ ∧ eK
)
, (2a)
EIJ :=
δS
δωIJ
= κǫIJKDe
K , (2b)
with D being the Lorentz-covariant derivative defined by ωIJ . The three-dimensional
Einstein’s equations with a cosmological constant follow from (2a) and (2b) by setting
EI = 0 and EIJ = 0. However, for the purposes of the present section, the variational
derivatives EI and EIJ do not vanish in general.
The full gauge symmetry of the three-dimensional Palatini action can be described
by (infinitesimal) local Lorentz transformations
δτe
I = τIJe
J ,
δτω
IJ = −DτIJ = −
(
dτIJ + ωIKτ
KJ + ωJKτ
IK
)
, (3)
and “local translations” [6] (see, of course, [4, 5])
δρe
I = DρI = dρI + ωIJρ
J ,
δρω
IJ = 2Λρ[IeJ], (4)
where the functions τIJ (= −τJI) and ρI are the respective gauge parameters
associated to these transformations. We recall that an infinitesimal transformation
of the fields depending on arbitrary functions is a gauge symmetry of the action if
the Lagrangian is quasi-invariant (invariant up to a total derivative) under it. For
instance, the Lagrangian (1) is invariant under local Lorentz transformations (3)
δτLPalatini = 0, (5)
and quasi-invariant under local translations (4)
δρLPalatini = d
[
κǫIJKρ
I
(
RJK + ΛeJ ∧ eK
)]
. (6)
On the other hand, the algebra of the transformations δτ and δρ§ closes
[δτ1 , δτ2 ] = δτ3 (τ
IJ
3 := 2τ
[I|K
1 τ
|J]
2 K),
[δρ, δτ ] = δρ1 (ρ
I
1 := τ
I
Jρ
J),
[δρ1 , δρ2 ] = δτ (τ
IJ := 2Λρ
[I
1 ρ
J]
2 ), (7)
‡ Given that we are considering Euclidean and Lorentzian signatures at once, here and in the
subsequent sections the word “Lorentz” refers to both signatures.
§ Although the gauge parameters may in principle depend on the dynamical fields of the
theory, throughout this paper we assume field-independent gauge parameters when computing the
commutators of the gauge transformations.
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which can be recognized as the Lie algebra of the de Sitter group SO(1, 3) for Λ > 0,
the anti-de Sitter group SO(2, 2) for Λ < 0, or the Poincare´ group ISO(1, 2) for Λ = 0.
Apart from these symmetries, it is also well-known that diffeomorphisms are
symmetries of the three-dimensional Palatini action. Infinitesimally, diffeomorphisms
of eI and ωIJ read, respectively,
δξe
I = Lξe
I ,
δξω
IJ = Lξω
IJ , (8)
where Lξ is the Lie derivative along the vector field ξ. However, in this setting
diffeomorphism invariance is not an independent symmetry. Indeed, by using Cartan’s
formula, namely,
LξQ = d(ξ Q) + ξ dQ, (9)
where Q is an arbitrary p-form and “ ” stands for contraction, the right-hand side
(r.h.s.) of Eqs. (8) can be written as
Lξe
I = (δτ + δρ)e
I + ξ
( σ
2κ
ǫIJKEJK
)
,
Lξω
IJ = (δτ + δρ)ω
IJ + ξ
( σ
2κ
ǫIJKEK
)
, (10)
where τIJ = −ξ ωIJ and ρI = ξ eI are field-dependent gauge parameters. Thus,
modulo terms involving the variational derivatives, infinitesimal diffeomorphisms can
be constructed out of both local Lorentz transformations and local translations.
Let us now review how, using the converse of Noether’s second theorem, we can
obtain local Lorentz transformations and three-dimensional local translations. The
calculation is remarkably short. In order to get local Lorentz transformations we start
by taking the covariant derivative of (2b), which leads to
DEIJ = κǫIJKD
2eK = κǫIJKR
K
L ∧ e
L = e[I ∧ EJ],
or
DEIJ − e[I ∧ EJ] = 0. (11)
Next, we multiply (11) by the gauge parameter τIJ (= −τJI) and rearrange it, thereby
obtaining the off-shell identity
EI ∧ τ
I
Je
J︸ ︷︷ ︸
δτeI
+EIJ ∧ (−Dτ
IJ )︸ ︷︷ ︸
δτωIJ
+d
(
τIJEIJ
)
= 0. (12)
By resorting to the converse of Noether’s second theorem, the transformations (3)
follow from the quantities multiplying the variational derivatives EI and EIJ in (12).
This in turn means that (11) is the Noether identity associated to local Lorentz
symmetry.
A completely analogous procedure can be used to obtain three-dimensional local
translations. In this case, however, we start by computing the covariant derivative
of (2a). Upon doing this and using the Bianchi identity DRIJ = 0, we get
DEI = 2ΛκǫIJKe
J ∧DeK = 2ΛeJ ∧ EIJ ,
or
DEI − 2Λe
J ∧ EIJ = 0. (13)
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Multiplying this equation by the gauge parameter ρI and rearranging, we arrive at
the off-shell identity
EI ∧Dρ
I︸︷︷︸
δρeI
+EIJ ∧ 2Λρ
[IeJ]︸ ︷︷ ︸
δρωIJ
+d
(
−ρIEI
)
= 0. (14)
Appealing once again to the converse of Noether’s second theorem, the
transformations (4) emerge from the quantities that multiply the variational
derivatives in (14). Moreover, it is now clear that (13) is the Noether identity
associated to three-dimensional local translations, which was reported in [7].
The methodology outlined in the previous paragraphs was used in [7] to reveal
the higher-dimensional generalization of three-dimensional local translations and the
analogous symmetry for the Holst action. In what follows, we are going to apply the
same approach to extend the results of [7] to include matter fields.
3. Symmetries of the n-dimensional Palatini action with matter fields
Before proceeding to consider the couplings of matter fields to gravity in n dimensions,
we would like to recall some facts about the higher-dimensional generalization of three-
dimensional local translations, which will also allow us to establish some notation used
in this section.
We consider an orientable n-dimensional manifold Mn (with n ≥ 3) and also
denote the frame rotation group by SO(σ), with the convention that SO(−1) =
SO(1, n − 1) and SO(+1) = SO(n) for Lorentzian (σ = −1) and Euclidean (σ = 1)
manifolds, respectively; the internal indices I, J, . . ., which now run from 0 to
n − 1, are raised and lowered with the internal metric (ηIJ ) = diag(σ, 1, . . . , 1).
The Palatini action with a cosmological constant Λ in n dimensions is given by
S[e, ω] =
∫
Mn LPalatini, with the Lagrangian n-form
LPalatini = κ
[
⋆(eI ∧ eJ) ∧R
IJ [ω]− 2Λη
]
, (15)
where eI is an orthonormal frame of 1-forms, RIJ [ω] := dω
I
J + ω
I
K ∧ ω
K
J =
(1/2)RIJKLe
K ∧ eL is the curvature of the SO(σ) connection 1-form ωIJ , κ is a
constant (whose dimensions depend on n), η := (1/n!)ǫI1...Ine
I1 ∧ . . .∧ eIn is the
volume form, and ⋆ is the Hodge dual operator
⋆(eI1 ∧ . . . ∧ eIk) =
1
(n− k)!
ǫI1...IkIk+1...Ine
Ik+1∧ . . . ∧ eIn . (16)
Moreover, the internal tensor ǫI1...In is totally antisymmetric and satisfies ǫ01...n−1 = 1.
Notice that, for n = 3, the Lagrangian (15) collapses to (1). The variational derivatives
of the action defined by (15) read
EI :=
δS
δeI
= (−1)n−1κ ⋆ (eI ∧ eJ ∧ eK) ∧
[
RJK [ω]−
2Λ
(n− 1)(n− 2)
eJ ∧ eK
]
, (17a)
EIJ :=
δS
δωIJ
= (−1)n−1κD ⋆ (eI ∧ eJ), (17b)
where D is the Lorentz covariant derivative. To obtain Einstein’s equations with
a cosmological constant we have to set both EI and EIJ equal to zero. However,
throughout this paper, we assume that the variational derivatives are nonvanishing in
general.
As is widely known, the full gauge symmetry of the n-dimensional Palatini
action with a cosmological term is characterized by local Lorentz transformations and
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diffeomorphisms, which are still given by (3) and (8), respectively. It can be verified
that the Lagrangian (15) is invariant under infinitesimal local Lorentz transformations
and is quasi-invariant under infinitesimal diffeomorphisms.
Recently, it was shown in [7] that the infinitesimal internal gauge transformation
δρe
I = DρI ,
δρω
IJ = Zn
IJ
KLρ
[KeL], (18)
where ρI is the gauge parameter and
Zn
IJ
KL :=
σ(n− 3)
(n− 2)!
(
ǫIJNM1...Mn−3 ∗RKM1...Mn−3NL
+ ∗R∗M1...Mn−4KL
M1...Mn−4IJ
)
+
2Λ
n−2
δ
[I
Kδ
J]
L , (19)
with
∗RI1...In−2MN :=
1
2
ǫI1...In−2KLR
KL
MN , (20a)
R ∗MNI1...In−2 :=
1
2
ǫI1...In−2KLRMNKL, (20b)
is also a gauge symmetry of the n-dimensional Palatini action with a cosmological
term. Certainly, the Lagrangian (15) turns out to be quasi-invariant under this
gauge transformation. It is worth mentioning that the gauge transformation (18)
and local Lorentz transformations can be used for equivalently describing the whole
gauge symmetry of general relativity [7]. This follows from the fact that infinitesimal
diffeomorphisms can be expressed as linear combinations of these two symmetries with
field-dependent gauge parameters, modulo terms involving EI and EIJ .
Notice that, unlike local Lorentz transformations and diffeomorphisms, the
structure of the internal gauge symmetry (18) depends explicitly on the spacetime
dimension n; in particular, this property is exhibited by the transformation of the
connection δρω
IJ , which can be alternatively written as
δρω
IJ =
[
CIJKL −
2(n− 3)
(n− 2)
δ
[I
KR
J]
L
]
ρKeL +
1
(n− 2)
[
(n− 3)
(n− 1)
R+ 2Λ
]
ρ[IeJ], (21)
where RIJ := R
KI
KJ and R := R
I
I are the Ricci tensor and the scalar curvature,
respectively, whereas
CIJKL ≡ RIJKL −
1
(n− 2)
(ηIKRJL − ηJKRIL + ηJLRIK − ηILRJK)
+
1
(n− 1)(n− 2)
R (ηIKηJL − ηILηJK) , (22)
are the components of the Weyl tensor‖ [13]. To arrive at (21) we just have to get
rid of the Levi-Civita tensors in (19) and then use (22). Remarkably, if we substitute
n = 3 into (21), it turns out that δρω
IJ reduces off-shell to that of three-dimensional
local translations (4). This means that the internal gauge symmetry (18) is the natural
higher-dimensional generalization of (4).
‖ Since we are working off-shell, RIJKL and CIJKL are not symmetric under the interchange of the
first two indices with the last two, likewise the Ricci tensor is nonsymmetric in general.
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On the other hand, the commutators among δτ and δρ acting on both the frame
and the connection lead to [7]
[δτ1 , δτ2 ] = δτ3 (τ
IJ
3 := 2τ
[I|K
1 τ
|J]
2 K),
[δρ, δτ ] = δρ1 (ρ
I
1 := τ
I
Jρ
J),
[δρ1 , δρ2 ] = δτ + terms involving EI and EIJ , (23)
where τIJ := 2ZnK
[I
L
J]ρ
[K
1 ρ
L]
2 in the last line. As expected, for n = 3 Eq. (23)
collapses to the algebra generated by local Lorentz transformations and three-
dimensional local translations, namely (7). As a matter of check, we can see that
in such a case τIJ = 2Z3K
[I
L
J]ρ
[K
1 ρ
L]
2 = 2Λρ
[I
1 ρ
J]
2 and the terms involving EI and
EIJ are absent. For n > 3 the terms with EI and EIJ do not vanish, and hence the
resulting commutator algebra (23) is open [14,15]. These facts are also reflected at the
level of the gauge identities satisfied by the commutators among δτ and δρ, namely
EI ∧ [δτ1 , δτ2 ] e
I + EIJ ∧ [δτ1 , δτ2 ]ω
IJ + d
[
(−1)n−1τIJ3 EIJ
]
= 0 (τIJ3 = 2τ
[I|K
1 τ
|J]
2 K),
(24a)
EI ∧ [δτ , δρ] e
I + EIJ ∧ [δτ , δρ]ω
IJ + d
[
(−1)nρI1EI
]
= 0 (ρI1 = τ
I
Jρ
J), (24b)
EI ∧ [δρ1 , δρ2 ] e
I + EIJ ∧ [δρ1 , δρ2 ]ω
IJ + d
[
(−1)n−1τIJEIJ +Θ
]
= 0, (24c)
where τIJ in (24c) is the same as in the last line of (23), and
Θ :=
2κ
(n− 3)!
ρ
[M
1 ρ
N ]
2
[ (
ǫIJSKL1...Ln−4ZnM
I
N
J + (n− 3)ǫIJMKL1...Ln−4Zn
IJ
NS
+ΛǫMNKSL1...Ln−4
)
eS ∧ eL1 ∧ . . . ∧ eIn−4
− (n− 3)(n− 4) ∗RMNKL1...Ln−5 ∧ e
L1 ∧ . . . ∧ eIn−5
]
∧DeK .
Since the commutator of two local Lorentz transformations is again a local Lorentz
transformation, Eq. (24a) is identified with the gauge identity of a local Lorentz
transformation. Similarly, because the commutator of a local Lorentz transformation
and (18) is a transformation of the same type as (18), Eq. (24b) can be recognized as
the gauge identity of a transformation of the same type as (18). Finally, we turn to
Eq. (24c) for which we consider the cases n = 3 and n > 3 separately. For n = 3, we
have that Θ = 0 and then (24c) reduces to
EI ∧ [δρ1 , δρ2 ] e
I + EIJ ∧ [δρ1 , δρ2 ]ω
IJ + d
(
τIJEIJ
)
= 0, (25)
which is the gauge identity of a local Lorentz transformation with gauge parameter
τIJ = 2Λρ
[I
1 ρ
J]
2 , reflecting the fact that the commutator of two transformations (18)
(or (4)) is a local Lorentz transformation. For n > 3, the terms inside the exterior
derivative of Eq. (24c) are a contribution of a local Lorentz transformation plus terms
proportional to the variational derivatives.
Another interesting feature of the internal gauge symmetry (18) is that it is also
sensitive to the presence of matter fields. This was first explored in [7], where it was
considered the non-minimal coupling of a scalar field to gravity in n dimensions. In
this section, we will focus on extending the internal gauge transformation (18) by
including the minimal couplings of Yang-Mills and fermion fields to general relativity.
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3.1. Yang-Mills field
The minimal coupling of a Yang-Mills field to the n-dimensional Palatini Lagrangian
with a cosmological constant is accomplished by
L = LPalatini + α ⋆ Fa ∧ F
a, (26)
where F a := dAa + (1/2)fabcA
b ∧ Ac = (1/2)F aKLe
K ∧ eL is the field strength
of the Yang-Mills connection Aa and α is a real parameter. The internal indices
a, b, . . . are raised and lowered with the Killing-Cartan metric of the Lie algebra of
the semisimple Yang-Mills gauge group, and we assume that the structure constants
fabc are totally antisymmetric. The action defined by (26) possesses the following
variational derivatives:
EI :=
δS
δeI
= EI + (−1)
n−1TJI ⋆ e
J , (27a)
EIJ :=
δS
δωIJ
= EIJ , (27b)
Ea :=
δS
δAa
= (−1)n−12αD ⋆ Fa = (−1)
n−12α
(
d ⋆ Fa + fabcA
b ∧ ⋆F c
)
, (27c)
where EI and EIJ are given by (17a) and (17b), respectively, and
TIJ := −2α
(
FaIKF
a
J
K −
1
4
FaKLF
aKLηIJ
)
, (28)
is the conventional symmetric energy-momentum tensor for the Yang-Mills field. Here,
D is the covariant derivative corresponding to the connection Aa. Notice that the
space-time connection ωIJ is still on-shell torsion-free.
The action defined by (26) is invariant under local Lorentz transformations,
diffeomorphisms, and pure Yang-Mills transformations
δλe
I = 0, δλω
IJ = 0, δλA
a = Dλa, (29)
with gauge parameter λa. Furthermore, we will see that it also has an internal gauge
symmetry analogous to (18). In order to uncover such a symmetry, we follow the
procedure described in section 2 and take into account that (18) is the generalization
of (4), which means that our first step is to compute DEI . The covariant derivative of
the first term on the r.h.s. of (27a), after using the Bianchi identity, DRIJ = 0, gives
DEI = (−1)
n−1EKL ∧ Zn
KL
IJe
J , (30)
where Zn
IJ
KL is given by (19), while the covariant derivative of the second term leads
to
D
(
TIJ ⋆ e
J
)
= EKL ∧Qn
KL
IJe
J + Ea ∧ F
a
IJe
J , (31)
with
Qn
IJ
KL := ακ
−1
(
2F a[I|MFaLMδ
|J]
K −
2
n− 2
F a[I|MFaKMδ
|J]
L
+
3
2(n− 2)
F aMNFaMN δ
[I
Kδ
J]
L
)
, (32)
where we have used the Bianchi identity DF a = 0. Using (30) and (31), our result for
DEI is
DEI = (−1)
n−1EKL ∧
(
Zn
KL
IJ +Qn
KL
IJ
)
eJ + (−1)n−1Ea ∧ F
a
IJe
J ,
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or
(−1)nDEI + EKL ∧
(
Zn
KL
IJ +Qn
KL
IJ
)
eJ + Ea ∧ F
a
IJe
J = 0. (33)
Next, multiplying (33) by the gauge parameter ρI and rearranging, we end up with
the off-shell identity:
EI∧Dρ
I︸︷︷︸
δρeI
+EIJ∧
(
Zn
IJ
KL +Qn
IJ
KL
)
ρKeL︸ ︷︷ ︸
δρωIJ
+Ea∧F
a
IJρ
IeJ︸ ︷︷ ︸
δρAa
+d
[
(−1)nρIEI
]
=0. (34)
According to the converse of Noether’s second theorem, the quantities next to EI ,
EIJ , and Ea in (34) correspond to the gauge transformation generated by the Noether
identity (33). Therefore, from (34) we obtain the infinitesimal internal transformation
δρe
I = DρI ,
δρω
IJ =
(
Zn
IJ
KL +Qn
IJ
KL
)
ρKeL,
δρA
a = ρ F a = F aIJρ
IeJ (ρ = ρI∂I), (35)
which is a gauge symmetry of the n-dimensional Palatini action with a cosmological
constant and a minimally coupled Yang-Mills field. Here, ∂I is the dual basis of e
I
(∂I e
J = δJI ). Actually, under the gauge transformation (35) the Lagrangian (26) is
quasi-invariant because
δρL = d
{
ρI
n− 2
[
κ ⋆ (eI ∧ eJ ∧ eK) ∧
(
RJK +
2Λ
(n− 1)(n− 2)
eJ ∧ eK
)
+2α
(
−FaIKF
a
J
K +
3
4
FaKLF
aKLηIJ
)
⋆ eJ
]}
. (36)
It is worth noting that the transformation of the frame in (35) remains the same
as in (18). However, this is no longer the case for the transformation of the spacetime
connection, which gets modified by the presence of the Yang-Mills field. More precisely,
the transformation of the connection in (35), as compared with its counterpart in (18),
contains the new term Qn
IJ
KL, which depends on the Yang-Mills field and can be
recast in terms of the symmetric energy-momentum tensor (28) as
Qn
IJ
KL = κ
−1
(
δ
[I
KT
J]
L −
1
n− 2
δ
[I
LT
J]
K −
1
n− 2
TMMδ
[I
Kδ
J]
L
)
. (37)
Note that for n = 3 the extra term (37) does not vanish, and hence even three-
dimensional local translations are also affected by the presence of the Yang-Mills field.
3.2. Fermions
Another interesting kind of matter field worth considering is the fermionic one. Let us
assume throughout this subsection a Lorentzian (σ = −1) manifoldMn. By including
a cosmological term, the action for the minimal coupling of fermions to gravity is
S[e, ω, ψ] =
∫
Mn
L, with the Lagrangian n-form
L = LPalatini +
1
2
(
ψγIDψ −DψγIψ
)
∧ ⋆eI −mψψη, (38)
where ψ is the fermion field, ψ = iψ†γ0 denotes the Dirac adjoint with ψ† the
Hermitian adjoint of ψ, and m is the fermion mass. Also, γI are Dirac’s gamma
matrices satisfying the Clifford algebra relations {γI , γJ} = 2ηIJI with (ηIJ ) =
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diag(−1, 1, . . . , 1) and I being the 2[n/2] × 2[n/2] identity matrix¶, while the Lorentz-
covariant derivative on ψ and ψ is defined by
Dψ := dψ +
1
2
ωIJσIJψ, (39a)
Dψ := dψ −
1
2
ψωIJσIJ , (39b)
where σIJ := (1/4)[γI , γJ ] are the generators of the spin representation of the Lie
algebra of the Lorentz group. The variational derivatives coming from the action
defined by (38) are
EI :=
δS
δeI
= EI + (−1)
n−1TJI ⋆ e
J , (40a)
EIJ :=
δS
δωIJ
= EIJ +
(−1)n−1
4
ψ{γK , σIJ}ψ ⋆ e
K , (40b)
Eψ :=
δS
δψ
= −Dψ γI ∧ ⋆eI −
1
2
ψ γID ⋆ eI −mψη, (40c)
Eψ :=
δS
δψ
= γIDψ ∧ ⋆eI +
1
2
γIψD ⋆ eI −mψη, (40d)
where EI and EIJ are given by (17a) and (17b), respectively, whereas
TIJ := −
1
2
(
ψγIDJψ −DJψγIψ
)
+
1
2
(
ψγKDKψ −DKψγ
Kψ − 2mψψ
)
ηIJ , (41)
for DIψ := ∂I Dψ and DIψ := ∂I Dψ, is the nonsymmetric energy-momentum
tensor+. Notice that the equation of motion EIJ = 0 implies that the spacetime
connection ωIJ is no longer on-shell torsion-free. This is a consequence of the fact
that ωIJ is involved in the matter terms added to the Palatini action in (38), thus
introducing torsion into the theory.
The aim here is to obtain the internal gauge symmetry of the same kind of (18)
under which the Lagrangian (38) is quasi-invariant. Before continuing, let us recall
that the action defined by (38) is invariant under both local Lorentz transformations
and diffeomorphisms.
By following a strategy along the same lines of the previous subsection, we begin
by taking the covariant derivative of EI . For the first term of the r.h.s. of (40a) we
have
DEI = (−1)
n−1EKL ∧ Zn
KL
IJe
J +
(−1)n
4
ψ{γJ , σKL}ψZn
KL
IJ η, (42)
where we have used the Bianchi identity DRIJ = 0, whereas for the second term we
get
D
(
TJI ⋆ e
J
)
= − EJ ∧
(
1
4κ
ψ{γJ , σIK}ψe
K
)
+ EKL ∧ Fn
KL
IJe
J
+ EψDIψ +DIψEψ +
1
4
ψ{γJ , σKL}ψZn
KL
IJ η, (43)
¶ Recall that the spinor space in n spacetime dimensions has complex dimension 2[n/2], where [x] is
the integer part of x.
+ Note that TIJ is nonsymmetric since T(IJ) = TIJ +
1
2
(
ψγ[IDJ]ψ +D[IψγJ]ψ
)
6= TIJ .
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with
Fn
IJ
KL = κ
−1
[
−
1
2
δ
[I
K
(
ψγJ]DLψ −DLψγ
J]ψ
)
+
1
2(n− 2)
δ
[I
L
(
ψγJ]DKψ −DKψγ
J]ψ
)
+
1
(n− 2)
mψψδ
[I
Kδ
J]
L
]
, (44)
where we have used the relations {σIJ , σKL} = −2(η[I|Kσ|J]L − η[I|Lσ|J]K) and
{γJ , σIJ} = 0. Using (42) and (43), we can easily write DEI as
DEI = EJ ∧
[
(−1)n
4κ
ψ{γJ , σIK}ψe
K
]
+ (−1)n−1EKL ∧
(
Zn
KL
IJ − Fn
KL
IJ
)
eJ
+ (−1)n−1EψDIψ + (−1)
n−1DIψEψ ,
or
(−1)nDEI − EJ ∧
(
1
4κ
ψ{γJ , σIK}ψe
K
)
+EKL ∧
(
Zn
KL
IJ + Fn
KL
IJ
)
eJ + EψDIψ +DIψEψ = 0. (45)
To proceed further, we multiply this equation by the parameter ρI and rearrange it,
which leads to
EI ∧
(
DρI −
1
4κ
ψ{γI , σJK}ψρ
JeK
)
︸ ︷︷ ︸
δρeI
+EIJ ∧
(
Zn
IJ
KL + Fn
IJ
KL
)
ρKeL︸ ︷︷ ︸
δρωIJ
+Eψ ρ
IDIψ︸ ︷︷ ︸
δρψ
+ ρIDIψ︸ ︷︷ ︸
δρψ
Eψ + d
[
(−1)nρIEI
]
= 0. (46)
Having the off-shell identity (46), and bearing in mind the converse of Noether’s
second theorem, we can immediately read off the gauge transformation generated by
the Noether identity (45), namely
δρe
I = DρI −
1
4κ
ψ{γI , σJK}ψρ
JeK ,
δρω
IJ =
(
Zn
IJ
KL + Fn
IJ
KL
)
ρKeL,
δρψ = ρ
IDIψ = ρ Dψ (ρ = ρ
I∂I),
δρψ = ρ
IDIψ = ρ Dψ. (47)
Equation (47) is a gauge symmetry of the n-dimensional Palatini action with a
cosmological constant and minimally coupled fermion fields. As a matter of fact,
the Lagrangian (38) is quasi-invariant under (47) since
δρL = d
{
ρI
n− 2
[
κ ⋆ (eI ∧ eJ ∧ eK) ∧
(
RJK +
2Λ
(n− 1)(n− 2)
eJ ∧ eK
)
+TJI ⋆ e
J −
1
n− 1
(
T JJ − (n− 2)mψψ
)
⋆ eI
]}
. (48)
Some comments regarding the gauge transformation (47) are appropriate. As far
as the transformation of the frame is concerned, it is interesting to note that it now
has an additional term as compared to that of (18). Such a term is a consequence of
the fermionic matter and in the particular case of n = 4 is proportional to the axial
fermion current JI = iψγ5γIψ with γ5 := iγ0γ1γ2γ3 since {γI , σJK} = iǫIJKLγ
5γL.
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With regard to the transformation of the connection, it is not surprising, at this
point, that its structure gets modified by the presence of fermions, which show up in
the extra term Fn
IJ
KL. In addition, it is not difficult to realize that Fn
IJ
KL can also
be expressed in terms of the nonsymmetric energy-momentum tensor (41) as
Fn
IJ
KL = κ
−1
(
δ[IKT
J]
L −
1
n− 2
δ
[I
LT
J]
K −
1
n− 2
TMMδ
[I
Kδ
J]
L
)
.(49)
Thus, the transformations of the connection in (35) and (47) have exactly the same
form when written in terms of the respective energy-momentum tensors. We stress,
however, that while the energy-momentum tensor in (37) is symmetric, the energy-
momentum tensor in (49) is not.
4. Symmetries of the Holst action with matter fields
General relativity in four dimensions can be also described by the Holst action [11],
which has served as the starting point of the loop approach to quantum gravity [3,
16, 17]. This action, besides being invariant under local Lorentz transformations and
spacetime diffeomorphisms, is invariant under an internal gauge symmetry analogous
to (18) [7]. The goal of this section is to extend such an internal gauge symmetry to
account for scalar, Yang-Mills, and fermion fields.
Let us first recall some aspects about the gauge symmetries of the Holst action
with a cosmological term. The action is given by S[e, ω] =
∫
M4 LHolst, with the
Lagrangian 4-form
LHolst = κ
(
PIJKLe
I ∧ eJ ∧RKL − 2Λη
)
, (50)
where PIJKL := (1/2)ǫIJKL + (σ/γ)η[I|Kη|J]L and γ ∈ R − {0} is the Immirzi
parameter [18, 19] (see [20] for the Hamiltonian formulation of the Holst action in
terms of manifestly Lorentz-covariant variables and first-class constraints only). Note
that (50) differs from (15) with n = 4 by the Holst term eI ∧ eJ ∧RIJ , which defines
a topological field theory [21]. The variational derivatives coming from the action
defined by (50) are
EI :=
δS
δeI
= −2κeJ ∧
(
PIJKLR
KL −
Λ
6
ǫIJKLe
K ∧ eL
)
, (51a)
EIJ :=
δS
δωIJ
= −κD(PIJKLe
K ∧ eL). (51b)
On-shell, EI and EIJ do not depend on the Immirzi parameter γ and lead to Einstein’s
equations with a cosmological constant.
It was shown in [7] that the infinitesimal internal transformation
δρe
I = DρI ,
δρω
IJ = ZIJKLρ
KeL, (52)
where ZIJKL is given by
ZIJKL :=(P
−1)IJPQ
[
1
2
PKLMNR
MN
PQ−PKPMNR
MN
QL+
Λ
3
(PKLPQ +2PKPQL)
]
,
(53)
is a gauge symmetry of the Holst action with a cosmological term. Here, we
have defined (P−1)IJKL := σγ2(γ2 − σ)−1[(1/2)ǫIJKL − (σ/γ)η[I|Kη|J]L] such that
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(P−1)IJKLPKLMN = δ
I
[Mδ
J
N ]. It turns out that diffeomorphisms can be constructed
out of local Lorentz transformations and the transformation (52), modulo terms
involving EI and EIJ . Then, the full gauge invariance of general relativity can be
equivalently described by the set of symmetries composed of either local Lorentz
transformations and diffeomorphisms, or local Lorentz transformations and the
transformation (52).
Note that the transformation (52) depends on the Immirzi parameter through
(P−1)IJKL and PIJKL, and that in the limit γ → ∞ it reduces to (18) with n = 4
since ZIJKL|γ→∞ = Z4
IJ
KL. Thus, in general, (52) is different from (18) with n = 4,
although the Holst Lagrangian and the four-dimensional Palatini Lagrangian lead to
the same space of solutions of the equations of motion if the tetrad is non-degenerate.
On the other hand, the algebra described by local Lorentz transformations and (52)
is still open and given by (23) but with ZIJKL instead of Z4
IJ
KL and the variational
derivatives those given in (51a) and (51b) [7]. Furthermore, the off-shell identities (24a)
and (24b) hold (with the corresponding variational derivatives), and the analog of (24c)
reads
EI ∧ [δρ1 , δρ2 ] e
I + EIJ ∧ [δρ1 , δρ2 ]ω
IJ + d
[
−τIJEIJ
+2κρ
[M
1 ρ
N ]
2
(
2PIJSKZM
I
N
J + 2PIJMKZ
IJ
NS + ΛǫMNKS
)
eS ∧DeK
]
= 0, (54)
with τIJ := 2ZK
[I
L
J]ρ
[K
1 ρ
L]
2 .
The following sections are devoted to studying the modifications induced on the
internal gauge symmetry (52) by the coupling of scalar, Yang-Mills, and fermion fields
to the Holst action.
4.1. Scalar field
We consider here a real scalar field minimally coupled to the Holst action with a
cosmological constant. The Lagrangian of the theory is
L = LHolst + α [dφ ∧ ⋆dφ− V (φ)η] , (55)
where V is an arbitrary function depending on the scalar field φ and α is a real
parameter. The variational derivatives of the action defined by this Lagrangian are
EI :=
δS
δeI
= EI − TJI ⋆ e
J , (56a)
EIJ :=
δS
δωIJ
= EIJ , (56b)
Eφ :=
δS
δφ
= −2αd(⋆dφ)− α
dV
dφ
η, (56c)
where EI and EIJ are given by (51a) and (51b), respectively, and
TIJ := α
[
−2∂Iφ∂Jφ+
(
∂Kφ∂
Kφ− V
)
ηIJ
]
, (57)
for ∂Iφ := ∂I dφ, is the symmetric energy-momentum tensor of the scalar field. It
can be shown that, on-shell, (56a), (56b), and (56c) imply Einstein’s equations with a
cosmological constant and a minimally coupled scalar field.
In the purpose of obtaining the internal gauge symmetry of the same kind of (52)
under which the Lagrangian (55) is quasi-invariant, our starting point is to compute
the covariant derivative of EI . In doing so, we obtain for the first and second terms
on the r.h.s. of (56a)
DEI = −EKL ∧ Z
KL
IJe
J , (58)
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with ZIJKL given by (53), and
D
(
TIJ ⋆ e
J
)
= EKL ∧ S
KL
IJe
J + Eφ∂Iφ, (59)
where
SIJKL := −
1
4
ακ−1(P−1)IJPQ
[
ǫKLPQ
(
∂Nφ∂
Nφ− V
)
−4ǫKLPN∂
Nφ∂Qφ+ 2ǫKPQN∂
Nφ∂Lφ
]
, (60)
respectively. Using (58) and (59), it is straightforward to see that
DEI = −EKL ∧
(
ZKLIJ + S
KL
IJ
)
eJ − Eφ∂Iφ,
or
DEI + EKL ∧
(
ZKLIJ + S
KL
IJ
)
eJ + Eφ∂Iφ = 0, (61)
which, after being multiplied by the parameter ρI and rearranged, results in the off-
shell identity
EI ∧Dρ
I︸︷︷︸
δρeI
+EIJ ∧
(
ZIJKL + S
IJ
KL
)
ρKeL︸ ︷︷ ︸
δρωIJ
+Eφ ∧ ρ
I∂Iφ︸ ︷︷ ︸
δρφ
+d
(
ρIEI
)
= 0. (62)
It follows from this identity and the converse of Noether’s second theorem that the
infinitesimal internal transformation associated to the Noether identity (61), namely
δρe
I = DρI ,
δρω
IJ =
(
ZIJKL + S
IJ
KL
)
ρKeL,
δρφ = ρ
I∂Iφ, (63)
is a gauge symmetry of the Holst action with a cosmological constant and a minimally
coupled scalar field. It can be checked that (63) leaves the Lagrangian (55) quasi-
invariant because it changes as
δρL = d
[
κρIeJ ∧
(
PIJKLR
KL +
Λ
6
ǫIJKLe
K ∧ eL
)
+
1
2
ρI(TIJ + 2αV ηIJ ) ⋆ e
J
]
.(64)
Notice that the transformation of the frame in (63), which is the same as in (52),
is not affected by the presence of the scalar field. In contrast, the transformation of
the connection contains the extra term SIJKL, which depends on this matter field
and can be rewritten as
SIJKL = −
1
4
κ−1(P−1)IJPQ
[
2ǫKLPNT
N
Q − ǫKPQNT
N
L
]
, (65)
where TIJ is given by (57). Finally, we find that the analog of the off-shell identity (54)
reads
EI ∧ [δρ1 , δρ2 ] e
I + EIJ ∧ [δρ1 , δρ2 ]ω
IJ + Eφ [δρ1 , δρ2 ]φ+ d
{
− τIJEIJ
+2κρ
[M
1 ρ
N ]
2
[
PIJSK
(
2ZM
I
N
J + 2SM
I
N
J − SIJMN
)
+ PIJMK
(
2ZIJNS + S
IJ
NS
)
+ ΛǫMNKS
]
eS ∧DeK
}
= 0, (66)
where τIL := 2
(
ZJ
[I
K
L] + SJ
[I
K
L]
)
ρ
[J
1 ρ
K]
2 .
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4.2. Yang-Mills field
We will now focus on the minimal coupling of a Yang-Mills field to the Holst action
with a cosmological constant. Therefore, the Lagrangian under consideration here is
L = LHolst + α ⋆ Fa ∧ F
a. (67)
The notation related to the Yang-Mills field is the same as in section 3.2. From the
action defined by this Lagrangian, we obtain the following variational derivatives
EI :=
δS
δeI
= EI − TJI ⋆ e
J , (68a)
EIJ :=
δS
δωIJ
= EIJ , (68b)
Ea :=
δS
δAa
= −2αD ⋆ Fa, (68c)
where EI and EIJ are, respectively, given by (51a) and (51b), whereas
TIJ := −2α
(
FaIKF
a
J
K −
1
4
FaKLF
aKLηIJ
)
, (69)
is the symmetric energy-momentum tensor. On-shell, EI , EIJ , and Ea are equivalent
to the equations of motion coming from the action defined by (26) with n = 4. Hence,
the Immirzi parameter γ does not change the classical dynamics.
Applying the procedure, we start by computing DEI . The covariant derivative
of EI in (68a) leads to (58) with EIJ given by (68b), whereas for the second term of
(68a) we have
D
(
TJI ⋆ e
J
)
= EKL ∧Q
KL
IJe
J + Ea ∧ F
a
IJe
J , (70)
with
QIJKL := −
1
4
ακ−1(P−1)IJPQ
[
1
2
ǫPQKLFaMNF
aMN − 2ǫLPMNFaKQF
aMN
+ ǫPQMNFaKLF
aMN − 2ǫKLMNFaPQF
aMN
]
. (71)
In the process of obtaining (70), we used the Bianchi identity DF a = 0. Combining
these results, we end up with
DEI = −EKL ∧ (Z
KL
IJ +Q
KL
IJ )e
J − Ea ∧ F
a
IJe
J ,
or
DEI + EKL ∧ (Z
KL
IJ +Q
KL
IJ )e
J + Ea ∧ F
a
IJe
J = 0. (72)
If we now multiply (72) by the parameter ρI and rearrange it, then we arrive at the
off-shell identity
EI ∧Dρ
I︸︷︷︸
δρeI
+EIJ ∧
(
ZIJKL +Q
IJ
KL
)
ρKeL︸ ︷︷ ︸
δρωIJ
+Ea ∧ F
a
IJρ
IeJ︸ ︷︷ ︸
δρAa
+d
(
ρIEI
)
= 0. (73)
By virtue of the converse of Noether’s second theorem, from (73) we have that
the infinitesimal internal transformation
δρe
I = DρI ,
δρω
IJ =
(
ZIJKL +Q
IJ
KL
)
ρKeL,
δρA
a = F aIJρ
IeJ , (74)
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is a gauge symmetry of the Holst action with a cosmological constant and a minimally
coupled Yang-Mills field. In fact, it can be readily checked that the Lagrangian (67)
is quasi-invariant under (74), since
δρL = d
[
κρIeJ ∧
(
PIJKLR
KL +
Λ
6
ǫIJKLe
K ∧ eL
)
+
1
2
ρI(TIJ + αFaKLF
aKLηIJ) ⋆ e
J
]
. (75)
In addition, it is worth pointing out that (72) is the Noether identity associated to
the gauge transformation (74).
From (74) it is clear that the transformations of the frame and the Yang-Mills
connection are the same as in (35), while the transformation of the connection is
modified by both the Immirzi parameter and the Yang-Mills field. It is interesting
to note that QIJKL can be written in terms of the symmetric energy-momentum
tensor (69) as
QIJKL = −
1
4
κ−1(P−1)IJPQ
[
2ǫKLPNT
N
Q − ǫKPQNT
N
L
]
, (76)
which resembles its analog (65) for the case of the scalar field. Also, as it has to be,
when γ →∞ the gauge transformation (74) collapses to (35) with n = 4.
4.3. Fermions
In this section, we consider the coupling of fermions to gravity described by the action
proposed in [12], whose Lagrangian is given by
L = LHolst +
1
2
[
ψγI
(
I−
i
α
γ5
)
Dψ −Dψ
(
I−
i
α
γ5
)
γIψ
]
∧ ⋆eI −mψψη, (77)
where γ5 := iγ0γ1γ2γ3 and α is a coupling parameter. Here, we restrict ourselves to
Lorentzian (σ = −1) manifoldsM4 and use the same notation introduced in section 3.2
for the fermionic matter. This Lagrangian is used to study parity violation effects in
quantum gravity [22]. When α → ∞, it describes general relativity with minimally
coupled fermions in the presence of the Immirzi parameter, which in this case has
physical implications [23, 24]. However, if instead of that limit we take α = −γ,
it turns out that the effective action of the theory obtained by integrating out the
connection is equal (modulo a total derivative involving the Immirzi parameter) to
the one obtained from the Palatini action with minimally coupled fermions [12]. For
α 6= −γ, the Lagrangian (77) describes fermions non-minimally coupled to gravity.
The variational derivatives that emerge from the action defined by (77) are
EI :=
δS
δeI
= EI − TJI ⋆ e
J , (78a)
EIJ :=
δS
δωIJ
= EIJ +
1
4
ǫIJKLJ
K ⋆ eL +
1
2α
J[I ⋆ eJ], (78b)
Eψ :=
δS
δψ
= −DψγI ∧ ⋆eI −
1
2
ψγID ⋆ eI −mψη +
i
2α
ψγIγ
5D ⋆ eI , (78c)
Eψ :=
δS
δψ
= γIDψ ∧ ⋆eI +
1
2
γIψD ⋆ eI −mψη −
i
2α
γ5γIψD ⋆ e
I , (78d)
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where EI and EIJ are, respectively, the same as those given in (51a) and (51b);
TIJ := −
1
2
(
ψγIDJψ −DJψγIψ +
1
α
DJJI
)
+
1
2
(
ψγKDKψ −DKψγ
Kψ +
1
α
DKJ
K − 2mψψ
)
ηIJ , (79)
is the nonsymmetric energy-momentum tensor; and JI = iψγ5γIψ is the axial fermion
current. Furthermore, in (78b) we have used {γI , σJK} = iǫIJKLγ
5γL. Here we see
that, in the limit α → ∞, the equations of motion EI = 0 and EIJ = 0 depend on
the Immirzi parameter, which then affects the classical dynamics. Nevertheless, if we
take α = −γ, the resulting equations of motion obtained by setting (78a)-(78d) equal
to zero are the same than those obtained from the Palatini action with minimally
coupled Dirac fermions and obtained by setting (40a)-(40d) equal to zero, i.e., the
Immirzi parameter γ drops out from the equations of motion coming from (78a)-
(78d). That is to say, in the same sense that the Immirzi parameter drops out from
the equations of motion coming from the Holst action leading to the equations of
motion obtained from the Palatini action, for α = −γ the Immirzi parameter drops
out when (78a)-(78d) are equal to zero leading to (40a)-(40d) equal to zero.
We now turn to exhibit the analog of the internal gauge symmetry (52) for
the action defined by (77). Following the recipe, we need to compute the covariant
derivative of Eq. (78a). The result for the first term on the r.h.s. of this equation is
DEI = −EKL ∧ Z
KL
IJe
J −
1
4
(
ǫKL
NJ +
2
α
δ
[N
K δ
J]
L
)
JNZ
KL
IJ η, (80)
while for the second one is
D
(
TJI ⋆ e
J
)
= EJ ∧
{
γ
4κα(γ2 + 1)
[
(1 − αγ)ǫJKIL + (α+ γ)δ
[J
I δ
K]
L
]
JKe
L
}
+ EKL ∧ F
KL
IJe
J + EψDIψ +DIψEψ
−
1
4
(
ǫKL
NJ +
2
α
δ
[N
K δ
J]
L
)
JNZ
KL
IJ η, (81)
with
F IJKL := −
1
4
κ−1(P−1)IJPQ
[
1
2
ǫKLPQ
(
ψγNDNψ −DNψγ
Nψ +
1
α
DNJ
N − 2mψψ
)
− ǫKLPN
(
ψγNDQψ −DQψγ
Nψ +
1
α
DQJ
N
)
+
1
2
ǫKPQN
(
ψγNDLψ −DLψγ
Nψ +
1
α
DLJ
N
)]
. (82)
Once these results are put together, we obtain
DEI = −EJ ∧
{
γ
4κα(γ2 + 1)
[
(1− αγ)ǫJKIL + (α+ γ)δ
[J
I δ
K]
L
]
JKe
L
}
−EKL ∧
(
ZKLIJ + F
KL
IJ
)
eJ − EψDIψ −DIψEψ,
or
DEI + EJ ∧
{
γ
4κα(γ2 + 1)
[
(1− αγ)ǫJKIL + (α+ γ)δ
[J
I δ
K]
L
]
JKe
L
}
+EKL ∧
(
ZKLIJ + F
KL
IJ
)
eJ + EψDIψ +DIψEψ = 0. (83)
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After multiplying (83) by the gauge parameter ρI and rearranging, the resulting off-
shell identity is
EI ∧
{
DρI +
γ
4κα(γ2 + 1)
[
(1− αγ)ǫIJKLJ
JρKeL + (α+ γ)JJρ
[IeJ]
]}
︸ ︷︷ ︸
δρeI
+EIJ ∧
(
ZIJKL + F
IJ
KL
)
ρKeL︸ ︷︷ ︸
δρωIJ
+Eψ ρ
IDIψ︸ ︷︷ ︸
δρψ
+ ρIDIψ︸ ︷︷ ︸
δρψ
Eψ + d
(
ρIEI
)
= 0. (84)
By appealing to the converse of Noether’s second theorem again, (84) allows us
to read off the infinitesimal internal transformation
δρe
I = DρI +
γ
4κα(γ2 + 1)
[
(1− αγ)ǫIJKLJ
JρKeL + (α+ γ)JJρ
[IeJ]
]
,
δρω
IJ =
(
ZIJKL + F
IJ
KL
)
ρKeL,
δρψ = ρ
IDIψ,
δρψ = ρ
IDIψ, (85)
which is a gauge symmetry of the action defined by (77) and is associated to the
Noether identity (83). Certainly, it can be directly checked that under (85) the
Lagrangian (77) is quasi-invariant because
δρL = d
{
κρIeJ ∧
(
PIJKLR
KL +
Λ
6
ǫIJKLe
K ∧ eL
)
+
1
2
ρI
[
TJI −
1
3
(
TKK − 2mψψ
)
ηIJ
]
⋆ eJ
}
. (86)
As in the case of (47), the coupling of fermionic matter to gravity generates
modifications in the transformation of the frame δρe
I in (85). Such modifications are
characterized by the axial fermion current JI , and involve both the Immirzi parameter
γ and the parameter α. Moreover, as expected, the transformation of the connection
δρω
IJ is also affected by the matter field; it involves the extra term F IJKL coming
from the presence of the fermion field. It is worth noting here that once we write down
F IJKL in terms of the nonsymmetric energy-momentum tensor (79), namely
F IJKL = −
1
4
κ−1(P−1)IJPQ
[
2ǫKLPNT
N
Q − ǫKPQNT
N
L
]
, (87)
it takes the same structural form as that of (65) or (76). Regarding the transformations
δρψ and δρψ, we can see that they remain unchanged with respect to those of (47).
Finally, let us consider two particular cases of the gauge symmetry (85). On one
hand, when γ → ∞ and α → ∞, we have that (85) reduces to (47) with n = 4,
which is expected since in this case the Lagrangian (77) is nothing but the Palatini
Lagrangian with minimally coupled fermions. On the other hand, if we set α = −γ
in (85), the Immirzi parameter disappears from the transformation of the frame δρe
I ,
which becomes the first line of (47) with n = 4, but is still present through F IJKL in
the transformation of the connection δρω
IJ given in (85).
5. Conclusion
In this paper, we have extended the higher-dimensional generalization of three-
dimensional local translations, namely the internal gauge symmetry (18), to address
The gauge symmetries of first-order general relativity with matter fields 19
the minimal coupling of Yang-Mills and fermion fields to the n-dimensional Palatini
action with a cosmological constant. We have explicitly obtained the extended
internal gauge symmetries for each one of the matter-gravity couplings from the
direct application of the converse of Noether’s second theorem. A notable feature
of the resulting extended symmetry is that its structure is sensitive to both the
spacetime dimension and the presence of the matter field. In particular, we have
shown that the transformation of the connection encompassing the Yang-Mills field
and the one encompassing the fermion field take the same form when written in terms
of the respective energy-momentum tensors. This happens even though the energy-
momentum tensors of the Yang-Mills and fermion fields are, respectively, symmetric
and nonsymmetric. Also, in the case of fermions the transformation of the frame
has an extra term, as compared to its analog in the case of Yang-Mills field, that in
four dimensions is proportional to the axial fermion current. We did not discuss the
extended symmetry for the coupling of a scalar field to the n-dimensional Palatini
action since it has already been reported in [7]. In this paper, we have also extended
the analog of this internal gauge symmetry for the Holst action with a cosmological
constant to include minimally coupled scalar and Yang-Mills fields, as well as the α-
parameter family of coupled fermions proposed in [12]. We found that, just as in the
case of the n-dimensional Palatini action, the extended symmetry for the Holst action
depends on the components of energy-momentum tensor, and for fermion fields, it has
an additional modification characterized by the axial fermion current. Moreover, the
internal gauge symmetry extended to include the coupling of fermions described in [12]
involves the Immirzi parameter γ and the parameter α, and even when α = −γ, in
which case γ drops out from the equations of motion, the (off-shell) extended symmetry
still depends on the Immirzi parameter. It is worth mentioning that infinitesimal
diffeomorphims can be expressed, irrespective of the action principle and matter fields
considered, as linear combinations of the resulting extended gauge symmetry and
local Lorentz transformations with field-dependent gauge parameters, up to terms
proportional to the variational derivatives of the action under consideration. Thus,
the extended gauge symmetry together with local Lorentz transformations comprise a
fundamental set of internal symmetries to describe the full gauge symmetry of general
relativity coupled to matter fields.
These results provide new insights into the nature of the internal gauge symmetry
of the Palatini action uncovered in [7]. For the sake of completeness it would
be desirable to obtain the gauge algebra involving the extended internal symmetry
(for each matter field) and local Lorentz transformations. In this regard, since the
commutator algebra among (18) and local Lorentz transformations is open, we expect
the same to be true for the resulting gauge algebra of the symmetries including the
matter fields. Also, considering the relevance of the Immirzi parameter at the quantum
level, it would be of interest to study the extension of the results of section 4.3 to the
general non-minimal coupling of fermions introduced in [25].
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